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Concepts from computational topology

* (abstract) Simplicial complexes

* Homology

* Vertex map, simplicial map

* Simplicial Approximation Theorem

* Category SpCpx : simplicial complexes, simplicial maps

* Filtration
* Persistent homology
* Persistence module
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Concepts from computational topology

(abstract) Simplicial complexes

Homology

Vertex map, simplicial map

Simplicial Approximation Theorem

Category SpCpx : simplicial complexes, simplicial maps
Filtration

Persistent homology

Persistence module

A persistence module can be seen as a functor This definition can be extended
from {1, ..., n} to the category of vector spaces to any other totally ordered set
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Concepts from computational topology

(abstract) Simplicial complexes

Homology

Vertex map, simplicial map

Simplicial Approximation Theorem

Category SpCpx : simplicial complexes, simplicial maps
Filtration

Persistent homology

Persistence module

The category of persistence modules satisfies that

* The direct sum of persistence modules is a persistence module
* The intersection of persistence modules is a persistence module
* The quotient of persistence modules is a persistence module

* The notion of submodule is well defined



Concepts from computational topology

(abstract) Simplicial complexes

Homology

Vertex map, simplicial map

Simplicial Approximation Theorem

Category SpCpx : simplicial complexes, simplicial maps
Filtration

Persistent homology

Persistence module

Example: B = {([1,4],1),(2,3],2),([3,4], 1)}
Rep B = ([1,4],12,3],[2,3],[3,4])
SS ={[1,4],12,3], [3,4]}
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Concepts from computational topology

e (abstract) Simplicial complexes
 Homology

* Vertex map, simplicial map U Ul — U2 7 e T Un
* Simplicial Approximation Theorem
L . f 1 f2 fn
e Category SpCpx : simplicial complexes, simplicial maps
* Filtration V Vl 5 V2 . 5 Vn

* Persistent homology
* Persistence module
* Morphism between persistence modules

Example: o et X and Y be two finite subsets from R” such that X C Y.
e This induces an embedding VR(X) — VR(Y).

e In turn, this induces a persistence morphism f : V — U, where

V = PH,(VR(X)) and U = PH,(VR(Y))
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Partial matchings between barcodes

Joint work with Manuel Soriano-Trigueros and Alvaro Torras-Casas

Manuel Soriano- Alvaro Torras
Trigueros Casas




Partial matchings between barcodes

A motivation

Stats is not enough:
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Partial matchings between barcodes

A motivation .
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Bottleneck distance is not enough: : # -
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Partial matchings between barcodes

A motivation Why is it important?
When can we say that a subset Y of a given a dataset X “samples” the same * Data hungry
continuous space than X7 * Energy saving
) . © * Storage saving
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Partial matchings between barcodes

Example:

- 0 PHl(K)
AA U u—>u,ﬁ‘»uj—>ug—>u — 0
ﬁ fT T 1T 1

ll—}V,—)V,—)V—)V—)U
©

PH{(K) = k[1,2] S k[z,z] S k[2,3]

PH1 (L)

dw(B(U),B(V)) =0

PH,(L) = k[az] S k[z,z] S k[2,3]
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Partial matchings between barcodes

Given B(V) = {(I, m;)}and B(U) = {(J,m;)}, Sy ={1} Su=1J}
we define a partialmatching satisfying

block function

E M(I, J]) <mj  The number of arrows leaving from an
o interval is smaller than its multiplicity
Je Sy
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Partial matchings between barcodes

Block function: M Sy xSy — Zgu Z.IESU M (I, J) < mpy
Example:
B(V)={([2,4],1),([1,5],2)} and _ q et L L
V)= {(12.4].1).([1,5].2)} and BU) = {([2,3],1), ([1,4],2)}
Consider M is zero except for 1 2 3 4 5 1 2 3
We can always obtain a
’Iﬂ'" — ‘\/J — .
M([2,4]. [1,4]) = L and M([1, 5], [1,4]) = 2 l partial matching y from a
block function

M is a block function, since

.,"V'I([2,4].. [1,4]) =1 ‘::_ m[214] and _,"VI([]., 5], [1,4]) = 2 “""f m[LS]

M is not a partial matching

J%I([2,4],[1,4]) + J"'v{([l.,5], [1,4]) =3 L npag = 2. Z Yy {d,J)=m
J€S



Partial matchings between barcodes

The induced block function:

M_f ; SV X SU — Zz(]

! U

v

(I,m;) > (J,mj)

M (I2Tp

Z'IESU Mf(I J) S my
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Partial matchings between barcodes

The induced block function: M_f Sy X Sy — Zz(] ZJ’ESU Mf([? J) < mj

Partial Matchings Induced by Morphisms
between Persistence Modules. Computational
f Geometry, 112, 101985 (2023)
1% U
(L,mr) » (Jymy)l .
My (1. Tp My(I,J) =dim Xy

+ +
SVinby,
SVpnUy+V,nty,

Xrjt =
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Partial matchings between barcodes

The induced block function: M ¢ : Sy X Sy — Z>g ZJ’ESU M(I,J) <my

j\/[f(]j J) — dim Xrga ifJ]<I Partial Matchings Induced by Morphisms
et I = [u‘ b] and J = [;:* d | between Persistence Modules. Computational
MA(I.J)= 0 otherwise Geometry, 112, 101985 (2023)
: =

Wesaythat J < I'ifc £a<d L b.

+ +
SVinby,
SVpnUy+V,nty,

Xrjt =
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Partial matchings between barcodes

The induced block function: M ¢ 1 Sy X Sy — Z>g ZJESU M(I,J) <my

Me(I.J)=dim X if 1 <] Partial Matchings Induced by Morphisms
f( j ) 17d if J = between Persistence Modules. Computational
M f(Ij J) — 0 otherwise Geometry, 112, 101985 (2023)

Nested intervals:

-[a,b] and [c,d] are nested if a<c <d <b O—- = *

Prop.: If for any set of intervals S € Sy we have that

> Me(l, ) > ny,
fcs
then there exists a pair of nested intervals in Sy.

Corollary: If there are no two nested intervals in Sy then M¢ is a partial matching.
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Partial matchings between barcodes

Linearity of the induced block function:

. . . . Partial Matchings Induced by Morphisms
Given a direct sum of morphisms of persistence modules between Persistence Modules. Computational

Geometry, 112, 101985 (2023)

fl@f2:vl@v2_>U1@U2
we have that

Mfl@fQ(Iﬂ J) — Mfl([, J) +Mf2([, J)

U O — 0 ——0 k > Kk >
. T=1 1 1l e 1
Example: ’ v 0 — k 19y & 0 > k >
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Partial matchings between barcodes

Example:

ey K
A LA K ~

PH{(K) = k12 © k{221 @ kp23) 1 :‘: ® % K
PH,(L) = k[1,2] S k[z,z] D k[2,3]
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Partial matchings between barcodes

ii ) Block Function

S
=
®

® X
x  Total
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Partial matchings between barcodes
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5 = oo Block Function
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Partial matchings between barcodes

- @ .“!A
b @
& @
[ 0 & ® @
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Partial matchings between barcodes

@
@ [ [}
) ® @
@ ® @ Block Function
@ o =
& @
@ ® o
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® X
x  Total

26/41
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Partial matchings between barcodes
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@ ap Block Function
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Partial matchings between barcodes

. ® ® =
L E) ®
@ @
e ® - ®
S @ ® @ Block Function
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Partial matchings between barcodes
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Partial matchings between barcodes
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Partial matchings between barcodes

@ [ ] .
® o
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@ P Block Function
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Partial matchings between barcodes

® & Block Function

® X
x  Total

26/41
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Partial matchings between barcodes

Matrix
computation:

U Kp12) ® Kp12] @ Kp2,3
|
B(U) = {([1,2],2),([2,3],1)}
Sy = {[1,2],[2,3]}

Endpoint order: [a4, b;] < [a,, b,] iff by <b, orb; =

b, anda; < a,
Rep B(U) = ([1,2],[1,2],[2,3]) \)

1

N @ 00
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Partial matchings between barcodes

|Endp0int order: [al, bl] < [az, bz] iff bl < b2 or b1 = bz and a, < a,

Matrix o Consider V = kpp 3 @ kyy 4) ® ka5 and U = kjo 3) @ kyy 4)-

SCITPLEETOT: R Order the intervals in Rep B(V) and Rep B (V) following the endpoint order:
U

—— e
— e @
f e
—n e
—

V

5 1 ; ! / g
¢ Suppose f associated to the following matrix:
2,3] [1.4] [2.5] |
F [0, 3] 1 1 0
[1, 4] 0 1

-

* Let] = [a,b]. Consider F;, the reduced minor of F restriced to [c,d] € Rep B(U)
withc < a andd < b and [aq,b;] € Rep B(V) withb; < b orb; =banda; < a.

0
Fo 1 1 1
’ 010

e My is given by [2,3] — |0, 3] and [1,4] ~ [1,4] and [2,5] - 0. .

1
. Flaq [ 1 } . and Fp g)




Example:

Partial matchings between barcodes

Subset 1 (5;)

—— [0.6, 1.3]
—— [0.5, 1.5]

—— [0.6, 1.5]

Total set (T')

— [0.4,1.2]

)

— [0.5, 1.2]

Q

S1 =+ T S2 - T

001 011
110 110

Subset 2 (S5)
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Example:

L

¢

L

Partial matchings between barcodes

|Endp0int order: [al,bl] < [az, bz] iff bl < b2 or b1 = bz and a, < a,

Sort both Rep B(S;) and Rep B(T) by the endpoint order

We have the matrix

F=

[0.6,1.3] [0.5,1.5] [0.6,1.5] |
[0.4,1.2] 0 0 1
[0.5,1.2] 1 1 0

We obtain the matrices

Flo6,1.3] =

Assignment:

0 0 0 0 1
F — F —
1 ] , F'0.5,1.5] [ 1 ] » 710.6,1.5] [ i 0 0 ] :

0.6,1.3] — [0.5,1.2], [0.5,1.5] — [0.5,1.2] and

[0.6,1.5] — [0.4,1.2].
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Partial matchings between barcodes

|Endp0int order: [al, bl] < [az, bz] iff bl < bz or b1 = bz and a, < a,

Example:

Sort both Rep B(S,) and Rep B(T) by the endpoint order

¢ \We have the matrix

[0.6,1.3] [0.5,1.5] [0.6,1.5] |
F [0.4,1.2] 0 1 1
| [0.5,1.2] 1 1 0

® \We obtain the matrices

—

0 1

0 1 O
, Flo.6,1.5] [1 0 O]

e Assignment: [0.6,1.3] — [0.5,1.2] and [0.5,1.5] — [0.5,1.2].
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Partial matchings between barcodes

M; : Sy x Sy — Z>g > ses, My(I.J) < my
Mf(I: J):dim 11& X1t
telnJ
Proof: Decorated points and persistence modules: Xf‘ij°
—0 dlmhﬂ XIJt:dimX[J4:2
T f f ? tE(-,4]
. . . . X1J
We will represent the intervals using pairs, (a, b), of elements of ® O _ .
o—0 dim lim Xrn = 4
—0 113
E=(Rx{—,+})U{—00,+00} —— ° te(-4)
N s st 00
—00 | (—00,5) (—00,5] (—00,00)
r [, s) [, s] [r, 00)
r | (r,s) (r,s] (r, 00)
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Partial matchings between barcodes

My Sy x Sy = Z>g ZJ’ES;; Mi(I,J) <my
Mf(I, J):dim 11& X1t
telnJ

Proof:
A section of a vector space, )/, is a pair of vector spaces, (F_ , F+) , such that

F- < FT <YV
We say that a set of sections, {(F, , Ff) : A € A}, of Vis disjoint if, for all A # [t ,

+ — + —
F,LL —> F/\ or FK —> F,DL
Lemma. If {(F, , F}_j—) : A € A} is aset of disjoint sections of )/, we have that

DE/E) =V



Partial matchings between barcodes

My Sv X Sy — Lo > gesy My J) < my
Mf(f, J):dim 11& X1t
teln.J
Proof:
dim V1 n? of intervals (@, b)such that ¢t € (a, b),
(s.r) 1 a<sand b<r
: — n2 of intervals (@, b)such that t € (a, b),
dim V(S,r)t (a<sandb<r)or(a<sandb<r)

V(;,r) ., and V&,.J , are persistence submodules of V and, for each ¢,

{ (V(;,.] e V(J;,.) ,) }m are disjoint sections of V;

D (V(-:,r) AV r) =V

s<r
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Proof:

Partial matchings between barcodes

Mf . Sp’ X S[}T — ZZU

Mf(f, J):dim 11& .ijt

telnJ

fixed ~

ZJ €Su Mf(f ,J) < my

variable

[=(a,b)eSy J=(cd)eSy

Ad . FVie DU aye T 5V DU gy

ct - — 1
fv,n U(c,d)t

P
FVie DU ay

ct = — +
fVie U gy
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Partial matchings between barcodes

Mf ) SV X SU — Zz(] ZJES(_; (I }) mry
Mf(f, J):dim 11& X1t
teln.J
Proof:
ad . - d nd . 1: d
Ac = h_ngAct BC T ll_l])] BCt
teln | teln]

* For fixed d and variable c, they are persistence modules indexed by E

* They satisfies that éd
A X
teln]
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Partial matchings between barcodes

My 2 Sy X Su — Lo >ges, ML, J) <my
Mf(I: J)=dim 11& X1t
teInJg
Proof:
For each d,
{(AL, BY): c €E} is a disjoint set of sections of lim__ BY

: . =d : _
(EB lim Xl(c,djt) — limB; — lim (fVi/fVv))
c<d teln] c<d te(—o00.d)

;V_/
nd
Be
Al
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Partial matchings between barcodes

My Sy x Sy — Z>g > ges, Mg, J) <my
Mf(I,J):dim 11& X1t
telIng

Proof:

Z.}ESU Mf(I' J)
|l

(GB lim x,((,d,,) < lim B¢ dzbdim <@ h_n;‘ Xl(C.d)t)

ced C<d fE(—OO.d)
< Y dimlim B
imB! < lim (fV}/fV,) o —>
I}.ESB‘ W i d<b c<d
; o + s
\ < # intervals in fV“/fV“

. . + -
< #intervals  in V7 /V, =m

§
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Links

https://doi.org/10.1016/j.comge0.2023.101985

https://arxiv.org/abs/2306.02411

Decomposition of pointwise finite-dimensional persistence modules. W. Crawley-Boevey.
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https://doi.org/10.1016/j.comgeo.2023.101985
https://arxiv.org/abs/2306.02411
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